We study theoretically the interaction of twisted light with graphene. The light-matter interaction matrix elements between the tight-binding states of electrons in graphene are determined near the Dirac points. We examine the dynamics of the photoexcitation process by posing the equations of motion of the density matrix and working up to second order in the field. The time evolution of the angular momentum of the photoexcited electrons and their associated photocurrents are examined in order to elucidate the mechanisms of angular momentum transfer. We find that the transfer of spin and orbital angular momentum from light to the electrons is more akin here to the case of intraband than of interband transitions in semiconductors, due to the fact that the two relevant energy bands of graphene originate from the same atomic orbitals.
I. INTRODUCTION
Due to its low dimensionality and particular crystalline structure, graphene presents an unusual semi-metallic behavior, and its low-energy excitations behave as massless Dirac fermions. 1,2 Because of this, graphene shows unusual transport properties, like an anomalous quantum hall effect 3 and Klein tunnelling. 4, 5 Its optical properties are also peculiar: despite being one-atom thick, graphene absorbs a significant amount of white light, and its transparency is governed by the fine structure constant, usually associated with quantum electrodynamics rather than condensed matter physics. 6, 7 In parallel to these discoveries, a new branch of optics, the study of phase-structured light, developed vigorously in the last twenty years. The generation and applications of light carrying orbital angular momentum (OAM) or twisted light (TL) gained great attention after the seminal work of Allen et al., 8 who showed that light carrying an integer amount of orbital angular momentum ( ℓ, with ℓ an integer) may be generated in the laboratory using conventional laser beams. Current efforts in this field are directed, on the one hand, to the understanding and generation of twisted light beams, and, on the other hand, to the study of interaction with mesoscopic particles, atoms and molecules, and Bose-Einstein condensates. 9 Only recently the interaction with solid-state systems has been studied, subject that appears to be a promising field of research and technology.
Theoretical works study the interaction of TL with various semicondunctor systems. [10] [11] [12] 15, 16 Also experiments on the field are starting to be conducted. 17, 18 The interaction of graphene with light has been studied theoretically with different approaches, for instance by the calculation of the opacity and the optical conductivity, 7 or control of photocurrents. 19 The study of the interaction of graphene with light carrying OAM is interesting by itself, since it leads to questions rarely formulated in works studying the optical properties of graphene. Since the twisted light has orbital angular momentum, one may expect a transfer of OAM from the photons to the electrons in graphene. However, the analysis is complicated by the fact that the low-lying excitations of graphene are Dirac fermions, whose OAM is not well-defined.
Nevertheless, there is another angular momentum, known as pseudospin associated with the honeycomb lattice of graphene, and the total angular momentum (orbital plus pseudospin) is conserved.
This variable has been broadly discussed in graphene-related literature, 20 but it has usually been left aside in works studying interaction with light.
In this work, we study theoretically the interaction of graphene with twisted light and calculate relevant physical magnitudes: the photo-induced electric currents and the transfer of angular momentum. To this end, we first obtain the light-matter matrix elements for twisted light and graphene, and then use quantum-kinetic equations of motion to obtain the time evolution of physical observables. [21] [22] [23] [24] The paper is organized as follows. In Section II we describe the electronic states of graphene.
Next, in Section III we study the light-matter interaction Hamiltonian. Section IV contains the calculation of the interaction matrix elements. In Section V we write the equations of motion for the density matrix and study them in the low excitation regime. Relevant physical quantities are examined in Section VI. Finally, conclusions are presented in the last Section.
II. LOW-EXCITATION STATES IN GRAPHENE
In Fig. 1 (left) we show the crystalline structure of graphene: a honeycomb lattice formed by carbon atoms separated by a distance a ≈ 1.42Å. The first Brillouin zone is shown in Fig. 1 (right). In the tight-binding model (with nearest-neighbour hopping t) the Hamiltonian matrix is given by 
The Hamiltonian is a 2 × 2 matrix because the honeycomb lattice is a Bravais lattice with a twoelement base. By diagonalizing this matrix we obtain the well-known energy bands of graphene
There is a cone-like dispersion relation of Dirac particles around the Dirac points (DP), which are the two non-equivalent corners of the first Brillouin zone, K and K'. This means that the low-energy excitations obey a conic dispersion relation and behave like Dirac fermions. Expressing k = K + (q x , q y ) with K one of the DP, and in the long-wavelength approximation q x a, q y a ≪ 1, the Hamiltonian matrix takes the form
which can be cast in the form of a 2D non-massive Dirac Hamiltonian,
Here the Fermi velocity v F = 3at/2 is 300 times smaller than the speed of light, σ = (σ x , σ y ) are the Pauli matrices, and we have associated the index α = ±1 with each of the non-equivalent DP. The conic dispersion relation can be obtained by diagonalizing this matrix, being E K (q) = ± v F q near each DP. The eigenstates of these Hamiltonians are spinors, whose two components are associated with the two elements of the lattice base. The low-energy states in cylindrical coordinates for a circular graphene sheet of radius r 0 (we may assume that r 0 → ∞ at the end of the calculation) are [25] [26] [27] [28] [29] 
near K, and
near K', with
where A. Pseudospin, angular momentum, and helicity
As is well known, the low-energy states of graphene are two-component spinors. These spinors should not be confused with the spin states of the electron (spin is not included in our tightbinding model): rather, they are related to the physical lattice. More precisely, each component is associated with the relative amplitude of the Bloch function in each sublattice of the honeycomb lattice. This degree of freedom is called pseudospin, for it plays a role in the Hamiltonian analogous to the one played by the regular spin in the Dirac Hamiltonian. It borrows the same SU(2) algebra but, unlike the isospin symmetry that connects protons and neutrons, pseudospin is actually an angular momentum, as has been shown by Mecklenburg and Regan. 20 The common interpretation of this variable is that the pseudospin would be pointing up inẑ (outside the plane containing the graphene disk) in a state where all the electrons would be found in A sites, while it would be pointing down inẑ if the electrons were located exclusively in the B sublattice. Of course, in the eigenstates of the Hamiltonian, electrons are distributed homogeneously between the two sublattices, so the pseudospin is contained in the xy-plane. This fact can easily be corroborated for the states in Eqs. (5) and (6), since the mean value of the z-component of the operator associated with the pseudospin is identically zero for any of those states, m, ν, α| σ z |m, ν, α = 0.
Since our goal is to study the interaction of graphene with light carrying OAM, it is worth to examine the OAM of our electronic states. The z-component of the OAM operator is L z = −i (∂/∂θ)I, where the identity operator acts on the pseudospin space. Since the effective Hamiltonian near one of the DP has circular symmetry [it depends only on the absolute value of (q x , q y )], one could naively expect the Hamiltonian to commute with the OAM. However, this is not the case:
In order to construct a conserved angular momentum, we add the pseudospin to L z , and define the total angular momentum as
It can be easily shown that this operator does commute with the Hamiltonian. In addition, our chosen basis states are eigenstates of this total angular momentum operator (near K),
In a similar way we found for states near K' that their eigenvalue is also j z = (m + 1/2) . This means that for any state the total angular momentum is directly associated with the index m. In addition, since the mean value of the pseudospin is zero, the index m can be associated with the mean value of the OAM too.
As an alternative interpretation, it is possible to see L z as an envelope angular momentum, an operator that acts only on the envelope-macroscopic-part of the wave function, as can be seen from its diagonal form in pseudospin space. The total angular momentum we have defined contains thus information on both the macroscopic and the microscopic (pseudospin) parts of the wavefunction.
There is another operator that commutes with H α 0 , as in the regular Dirac equation: the helicity operator, defined near K as Σ K = ( /2) σ * ·q, whereq = (q x , q y )/(q 2 x + q 2 y ) 1/2 . The helicity is the component of the pseudospin in the direction of motion. The helicity is a constant of motion and is + /2 for conduction-band states, and − /2 for valence-band states, and it does not depend on the DP. The main advantage of this quantum number is that, unlike the total angular momentum, it is a constant of motion that differentiates the states in the conduction band from those in the valence band.
We first consider the vector potential of the TL beam in the Coulomb gauge, given by
where ǫ σ =x + iσŷ are the polarization vectors and σ = ±1. The radial profile of the beam is given by Bessel functions J ℓ (qr) and J ℓ+σ (qr). Alternatively, one can work with Laguerre-Gaussian modes instead. 30 (A comment on notation: note that q z and q refer to the light beam, while q x , q y , and q m,ν , to the electrons.) In order to describe the interaction between light and matter, we use the minimal-coupling Hamiltonian, obtained by the usual prescription p → p + eA in Eq. (4), which guarantees local gauge invariance. By performing this substitution we get
where we have already found the solutions for H α 0 in polar coordinates, given by Eqs. (5) and (6). Of course, the total Hamiltonian of the system is obtained by summing over α the Hamiltonian of Eq.
(12). Since graphene is a two-dimensional system, only components x and y of the electromagnetic field appear, and hence its z component is automatically eliminated from the interaction. Then, for a graphene disk placed at z = 0, the vector potential (11) effectively becomes
We define the following quantities
which can be associated with absorption and emission of one photon, respectively. Thus, we write the interaction Hamiltonian close to a Dirac point labelled by α and with a given polarization of the incoming light σ as
As we described in previous sections, the spinor components are associated with the two sublattices in the graphene structure. Thus, each interaction Hamiltonian H α,σ int , having only off-diagonal elements, exchanges probability amplitude between the two sublattices. For example, for α = 1, i.e. near K, and σ = +1 one obtains
and for α = −1, i.e. near K', and σ = +1 we have
The role of the individual matrix elements in these Hamiltonians becomes clearer when the rotatingwave approximation (RWA) applies. In the RWA, for a valence-to conduction-band transition, it is admisible to neglect A (−) in Hamiltonians (16) and (17). Because of the resulting matrix form, it is clear that the action on an electron in a state close to K is, in a sense, opossite to that on an electron in a state close to K ′ . While in each Dirac point H α,+ int exchanges pseudospin components, in K (K') the up(down)-component is eliminated in the final resulting state. Then, from a microscopic point of view, an electron originally in a valence band state near a given Dirac point becomes "localized" in one sublattice.
IV. INTERACTION MATRIX ELEMENTS
In order to calculate relevant observable quantities, we now obtain the light-matter interaction matrix elements for interband transitions. In the long-wavelength approximation we neglect the intervalley transitions, i.e. terms that connect states near different Dirac points. Hence, we need to calculate c, m
Using the definition of Ψ, Eqs. (5) and (6), and the Hamiltonian, Eq. (15), we can write the matrix elements in the following way
c, m
Each matrix element contains only two terms, one associated with the absorption and the other with the emission of a photon. In the RWA and defining
we obtain c, m
The transfer of angular momentum is signaled by the Kronecker's deltas, which relate the quantum numbers m and m ′ of the initial and final states. This transferred angular momentum includes both OAM and spin. This is to be expected given that both bands in graphene have the same microscopic angular momentum (p-type orbitals). In this sense interband transitions in graphene are analogous to intraband transitions in regular semiconductors, as shown previously for intraband transitions in quantum rings. 13,14
V. EQUATIONS OF MOTION FOR PHOTO-EXCITED ELECTRONS
The graphene Hamiltonian in the absence of the electron-light interaction is 
In order to simplify the notation, hereafter we drop the α index whenever there is no ambiguity.
The density matrix operator isρ λ ′ ,m ′ ,ν ′ ;λ,m,ν =â † λ ′ ,m ′ ,ν ′âλ,m,ν . The equation of motion for this operator in the Heisenberg picture is:
This leads to the equations of motion for the density matrix operator, in an analogous way as has been shown in Ref. [12] . We consider the evolution of three types of operators:ρ c,m ′ ,ν ′ ;c,m,ν , 
A. Low-excitation regime
Due to the impossibility of solving analytically Eqs. (26)- (28) in all their generality, we will consider the case of low photoexcitation. In this case, an analytical perturbative approach is possible, which gives us the basic physical insight that we are looking for. We proceed in the following way, as in Ref. 
and its solution in the RWA, for a monochromatic electromagnetic field turned on at t = 0, is given by
With this solution, we get the second order intraband coherence from Eqs. (26) and (27) 
for the valence band, and
for the conduction band. As an example, we show the populations for a TL beam with right-handed circular polarization:
Near resonance, the populations evolve slowly, as expected. Also, the angular momentum of the intermediate state differs from that of the initial state by ℓ ± 1, the total angular momentum of the photon. . It is seen that for q.r 0 = 7, 10 one obtains a clean bell shape, while for q.r 0 = 20 the picture is similar to that of the ℓ = 5 (and q.r 0 = 10) case in Fig. 3 . We interpret that this kind of behavior appears whenever q.r 0 > ℓ and therefore the light field "oscillates more" in the radial coordinate than in the angular one, in which case even an approximate selection rule for the quantum number ν is lost.
VI. EVOLUTION OF PHYSICAL MAGNITUDES
The modification of the electronic state of graphene by twisted light can be described in terms of the evolution of key physical quantities. In this Section we find the expressions for the photocurrents and the orbital angular momentum, using the lowest-order contributions to the density matrix obtained above. 
A. Transfer of angular momentum
In Sec. II A we defined operators for the orbital and total angular momentum. In second quantization formalism and taking the expectation value over the ground state of graphene, the total angular momentum, which is diagonal in our basis, is given by the simple expression
where the factor 2 comes from the valley degeneracy. J z (t) depends only on the populations, and thus evolves slowly with a magnitude proportional to amplitude of the electromagnetic field squared. On the other hand, we get for the OAM in operator form a slightly more complicated expression
However, this expression greatly simplifies when we take the expectation value over an initial state,
λ ′ mν,λmν ∝ δ m,m+(ℓ±1) = 0. Then, the expectation value of the OAM coincides with that of the total angular momentum. now consider. Its single-particle form is
This operator is of first-order in A 0 . The expectation value of any operator can be expressed, in our scheme, as a sum of terms proportional to the populations and coherences, each multiplied by the appropriate matrix element of the single-particle operator. Since populations are of second-
is proportional to A 3 0 and is thus neglected in our second-order, low-excitation treatment. Instead, the coherence terms in L (dia) z are of order A 2 0 , and should be kept. The latter terms are especially relevant since the coherence terms of the paramagnetic angular momentum, which would be of first order, actually vanish here (see Sect.
(dia) z are given by
The second-quantized form of L 
This expression is only approximately accurate, since we are not actually summing over all m, but the two members of Eq. (40) differ only in two terms, and we will neglect them in this work.
C. Induced photocurrents
In this Section we obtain the photoinduced currents produced by the irradiation with TL. Their first-quantized form is obtained by writing the interaction Hamiltonian as H α int = − α · A, thus:
In second quantization notation, the density current will be given by:
whereΨ α are the field operators of the system. This result is consistent with the current obtained from the Dirac Hamiltonian. Given the symmetries of this problem, and in order to find a relation between the induced currents and the transfer of angular momentum, we write the currents in cylindrical coordinates, and separate itsr andθ components. By writing the field operators in terms of creation and annihilation operators, we get
We next write separately the interband coherence contribution from the intraband coherence and population contributions.
An expression for the interband coherence contribution can be obtained using the functional 
For theθ component we get
We note that theθ component is identically zero when ℓ = −σ, which shows that if the photon carries no total angular momentum the induced currents do not rotate around the beam's axis.
On the other hand, ther component remains finite for all values of ℓ.
For the population and intraband coherences, the lowest non-trivial order does not depend on the valley. Noticing that ρ 
and theθ component does not depend on the azimuthal coordinate, and is given by proportional to δ m ′ ,m±ℓ . Our result, however, agrees with the findings of the study of intraband transitions in semiconductors, for the reasons explained in a previous section.
VII. CONCLUSIONS
We studied theoretically the interaction of graphene with twisted light. As a starting point, using the tight-binding states of electrons in graphene near the Dirac points, we determined the light-matter interaction matrix elements.
In the RWA, for a valence-to conduction-band transition, we found that the action of the light-matter Hamiltonian on an electron in a state close to K is, in a sense, opposite to that on an electron in a state close to K ′ . The pseudospin components are exchanged in each Dirac point, and in addition, in K (K ′ ) the up(down)-component is eliminated in the final resulting state.
We examined the dynamics of the photoexcitation process by posing the equations of motion of the density matrix, and obtaining the time evolution of the angular momentum of the photoexcited electrons and their associated photocurrents. The transfer of spin and orbital angular momentum from light to the electrons, is more akin here to the case of intraband than of interband transitions in semiconductors. This is due to the fact that the two relevant energy bands of graphene originate from the same atomic orbitals.
